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A REMARKABLE HOMOGENEOUS BANACH
ALGEBRA

BY
G. PISIER

ABSTRACT

We give an example of a strongly homogeneous Banach algebra B with
A(TYEBGC(T) on which all 1-Lipschitzian functions operate; this improves
previous results of M. Zafran.

We give an example of a strongly homogeneous Banach algebra B, with
A (T)TB&C(T) on which all Lipschitzian functions of order 1 operate. Recently,
M. Zafran [9] obtained an example on which non-analytic functions operate;
even more recently [10], he exhibited a strongly homogeneous Banach algebra
on which all C? functions operate. Our example seems to be optimal with respect
to the symbolic calculus: indeed, if there exists F:[—1, + 1]—R satisfying
F(0) =0 and lim,_o| F(¢)/t| = = and F operates on B, then necessarily B = C(T)
(see [5]).

Let (g.)nez (resp. (§.)-ez) be a sequence of independent, Gaussian, real (resp.
complex) random variables, such that E{g.[*=1 and Eg, =0 (resp. E[g.[’=1
and Eg, = 0). Let (&.).e2z be a sequence of independent random variables with
the same distribution and &, = * 1 with probability 3. All the random variables
are defined on some probability space (Q, &, P).

We will consider the linear space C,,(T) which consists of all the functions f in
L*(T) such that the random Fourier series

1) 2, Gn(w)f(n)e™

nez
represents a continuous function for almost all w in ). According to the known
results on the integrability of the norms of Gaussian vectors (see [2]) we may
equip C,(T) with the norm { } defined by
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1 -E|

3, afme].

(where we have denoted ||. | the norm in the space C(T)); with this norm, the
space C,,(T) becomes a Banach space.

REMARK 1. It is well known that if f € C,«(T) then E[Z.-ng.f(n)e™[l.— 0
when N — «, so that the set of all trigonometric polynomials is dense in C,(T).
Therefore, f belongs to C, (T) iff the partial sums of the Fourier series of f form
a Cauchy sequence in C,(T). (Actually, this happens as soon as these partial
sums are bounded in C,(T), according to results of Belyaev and Billard; see [3]
or [8] for details and references.)

Remark 2. By the main result of [7], the series (1} is a.s. continuous if and
only if the corresponding Bernoulli series =,cz¢,(w)f(n)e™ is a.s. continuous
(such series have been extensively studied in [4]). Therefore all the statements of
this note are true if we replace everywhere (g, }ucz by (€. )ncz, Only the constants
appearing in the corresponding inequalities have to be changed. The same is true
if we replace (g.). by (g.). but this is elementary.

ReMARK 3. (i) Using the invariance properties of the distribution of (g, )nez,
it is easy to check that the mappings f(x)— f(x + a) and f(x)-> f(kx) are
isometric on C,(T), for every a in T and every integer k # 0. Also, Vf € C,(T),
f € C.T) and {f} = {f} so that C,(T) is self-adjoint.

(i) Actually, if f,h € C.(T) and if Vn €Z, |f(n)|=|h(n)|, then clearly
{fi={n}.

We come to our main result. Consider the space B = C(T)N C, (T), equipped
with the norm ||| ||| defined by

vfeB, |Iflll=9V2|f|.+{f}

B is again a Banach space in which the set of all trigonometric polynomials is
dense, and also A(T)EBZC(T) and Vfe A(T)

OVD)|fll= NIl = A+9V2)liflac-

But much more is true:
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THEOREM. (i) B = C(T)N C.(T) is a Banach algebra under pointwise mul-
tiplication; in fact, it is a strongly homogeneous Banach algebra.
(ii) All the 1-Lipschitzian functions operate on B.

The two points of the theorem are simple consequences of a principle of
comparison for Gaussian processes which originates in a lemma of Slepian; the
following variant was proposed by Sudakov (see [2] for the proof and related
details):

LEMMA 1. Let (X,)ies, (Y:)es be real Gaussian processes on a set S, defined
on (OLP). IfV,s€S, E|Y, - Y, SE|X — X,|’ then

Esup Y, =Esup X,

teES tES

(where sup,es X, means the supremum in the lattice L'(dP)).

REMARK 4. Let S be a compact metric space and let (X;) and (Y,) be as
above; then if (X,) is a.s. continuous on S, so is (Y;). This fact was proved in [6]
using the original lemma of Slepian (which is the same as Lemma 1 above, with
the additional assumption that E| X, |* = E| Y, |?, Vt € S). Actually, with the same
argument as in lemma 2.1 of [6], one can deduce the preceding lemma from
Slepian’s lemma, except that the conclusion is only

Esup Y, =2Esup X,

which is sufficient for most applications.
RemARK 5. For f in L¥T) and ¢ in T we write f,(x)= f(t + x) and
X(@)= 2, ga(@)f(n)e™.

Let (X’).cr be an independent copy of the process (X.).cr. We denote | | the
norm in L*(T). To each f in L*(T), we associate the real Gaussian process (X.)
defined by

X.(0)=Re X,(0)+Im X (o).

Clearly we have, Vs,t €T,

E|X, - X.

*=E[X. - X.[=|f-f

.
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To translate the information of Lemma 1 in terms of random Fourier series, we
will need some easily checked inequalities.

First note that
) Esup X, =2Esup|X,|=2{f}.
On the other hand

Esup|X, — X,| =Esup|Re(X, - X,)| + Esup|Im(X, — X,)|

and since Re(X, — X,) and Im(X,— X}) are obtained from X, — X, by taking a
suitable conditional expectation we must have

Esup|X, — X,| = 2Esup| X, — X,
< 2Esup| X, — X.|
= 2Esup X, — X,

=2Esup X, +2Esup — X,
=4Esup X, (by symmetry).
Hence, {f} = Esup|X,| = 4Esup X, + E| X,| so that
G) {ft=4Esup X, +|f|..

Now Lemma 1 yields immediately

Lemma 2. Consider f,h in L*(T) such that Vt,s €T, |h, — h | =||f. — f. ..
Then if f belongs to C,{T), so does h. Moreover

4 {hy=8{f}+h ..

Proor. By Remark 1, it is sufficient to prove (4) for f, h in C.(T). Let X, be
as above; define similarly a real Gaussian process (Y.} associated with & so that

ViseT, E|Y,-Y.=]|h-h]2
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By Lemma 1, we have
5) Esup Y, =Esup X,
and by (3)

{h}=4Esup Y, + | h|s,

so that (5) and (2) imply
{h}=8{ft+|h].. q.ed.
Proor oF THE THEOREM. (i) By Remark 3(i), it remains only to prove that B is
stable under pointwise multiplication. So let f,h € B. We have, V., s €T,
ICfh)e = (1)l = |l fi(he = Bo) + ho(fe = £
=(flelbe = Al + YN S = A1
= k.~ ko |2

where k € LYT) is defined by its Fourier coefficients, Yn €2, k(n)=
V(I B A (n) P+ ([ (2] F(n) ).
Applying Lemma 2, we obtain

{fn}=8{k}+Ilfh -
= 8{k}+[Ifllll |-
By Remark 3(ii) and the triangle inequality
{k} = V2Ifl{h}+ V2 k| 4fh;

by the classical properties of complex Gaussian variables

2 . 2 —
A ||z=\/—;Elzh(n)gnlévfr{h}é\/%h},

so that we conclude

{}=9V2(If|{h}+ Ik |I{F})

and therefore

Wfe U= WA s
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(i) Assume that f€E B and —1=f=1, let F:[—1, +1]— C be such that
Vy,y€[-1,+1], |F(x)-F(y)|={x-y| and |F(x)|=1
Then, if h = Fof, we have obviously
1B =k Je=|fi=fl. and [h[.=1;
by Lemma 2, h € C,(T) therefore h € B and

Al =9V2lh|.+{h}
=9V2+8{f}+1.

ReMARk 6. The proof of the first part of the theorem was inspired by S.
Chevet’s results [1] on tensor products of abstract Wiener spaces.

REMARK 7. The constants appearing in the definition of || - ||| indicate that
a more natural norm might have been chosen. Indeed, with the notations of
Remark 5, we may define

lf|=V§||f||w+E§1€1?X,;

it is then easy to check that | |is a strongly homogeneous Banach algebra norm
on B (equivalent to || (). Note that if f is a constant then Esup,er X, = 0, so
that| |behaves roughly like the norm in some space of Lipschitzian functions.

ReMARk 8. The preceding theorem was essentially noticed in remark 3.2 in
[8]. Note, however, that we have corrected a slight error: the first two lines on
page 8 of [8] should be replaced by the above Lemma 2 and the last two lines of
page 5 should be similarly corrected (these changes require one only to modify
some numerical constants in [8]).

Finally, we mention that the preceding results remain clearly true on any
compact abelian group. The reader is refered to [8] for a detailed discussion of
the space C.«(T).

Added in proof. J.P. Kahane kindly pointed out to me that the first part of
the theorem follows from the second one, simply because 2fg =
(f+g)—(f—g) and x — x? is 1-Lipschitzian at the origin.
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